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Abstract

The main objective of this work is to propose the polynomial based Subdomain collocation method using successive
integration technique for solving delay differential equations (DDEs). In this study, the most widely used classical
orthogonal polynomials, namely, the Bernoulli polynomial, the Chebyshev polynomial, the Hermite polynomial, and the
Fibonacci polynomial are considered. Numerical examples of linear and nonlinear DDEs have been considered to
demonstrate the efficiency and accuracy of the method. Approximate solutions obtained by the proposed method are
well comparable with exact solutions. From the results it is observed that the accuracy of the numerical solutions by the
proposed method increases as N (order of the polynomial) increases. The proposed method is very effective, simple,
and suitable for solving the linear and nonlinear DDEs in real-world problems.

Keywords: Orthogonal polynomials; Subdomain collocation method; Successive integration technique; Delay
differential equations; Pantograph

1. Introduction

Delay differential equations stand as a vital class of equations. DDEs incorporate past states in the evolution of the
system, where the present behavior depends not only on the current state but also on its history. DDEs plays a vital role
in the fields of science and engineering. Some notable applications of DDEs are in electrodynamic model 1], economic
model [2], electrochemical biosensor [3], cancer cells growth [4l and population model [1. DDEs have been investigated by
many authors and various analytical and numerical methods have been developed. Some of the numerical methods are
Higher order derivative Runge Kutta method [¢], Legendre pseudo spectral method [7], Sumudu transform method (€],
Wavelets approach ], Least square method based on successive integration technique [101.

The subdomain collocation method which belongs to the broader family of weighted residual methods stands out as a
powerful technique for solving differential equations. This method offers a unique approach for solving complex
problems by dividing the physical domain into non-overlapping subdomains and employing collocation techniques
within each subdomain. Zhou et al. ['!1 proposed subdomain collocation method based on reproducing kernel
approximation for solving elasticity problems. Lihua et al [12] applied radial basis collocation method for fracture
mechanics. Chu et al. 131 implemented finite subdomain collocation method with radial basis for solving singular
problems. Mkhatshwa et al. ['4! presented multi-domain multivariate spectral collocation method for solving nonlinear
partial differential equations.

The above-mentioned subdomain collocation methods using different polynomials are based on operational matrices.
In this study, we propose a new approach of using Subdomain collocation method based on successive integration
technique for solving DDEs. This paper is organized as follows: In Section 2, the basic definitions of different polynomials
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are given. In Section 3, the description of the method for solving DDEs is presented. In Section 4, illustrative examples
are provided.

2. Basic Definition of Polynomial

In this study, we consider the most widely used classical orthogonal polynomials, namely, the Hermite polynomial, the
Bernoulli polynomial, the Chebyshev polynomial and the Fibonacci polynomial.

2.1. Hermite Polynomial

The Hermite polynomial H, (t) of order n is defined on the interval (—oo, ). There are different ways to define Hermite
polynomial, one of them is the so-called Rodrigues’ formula

2

Ho(0) = (~1)"e L™ 1)

From Eqn. (1), the recurrence relation for the polynomial can be derived as
H,(t) = 2t Hp_1(t) — Hy 1 () e (2)

H,(t) can be obtained from Eqn. (1) and the remaining terms are determined by using the recursion relation Eqn. (2).
Thus, we have the following sequence of polynomial:

Hy(t) =1
H,(t) =2t
H,(t) = 4t? -2
Hy(t) = 8t3 —12¢
H,(t) = 16t* — 48t% + 12
and so on. The n*" order Hermite polynomial H,, (t) has a leading coefficient 2™.

2.2. Bernoulli Polynomial

The Bernoulli polynomial is named after Jacob Bernoulli which combines the Bernoulli numbers and binomial
coefficients. The generating function for the Bernoulli polynomial of order n is defined by

0 Ba() = 2 3)

eX—-1
The explicit formula for Bernoulli polynomial is:
B (t) = Xi2o(}) Baoie (") ovvveci (4)
for n = 0, where B, are the Bernoulli numbers.

B, (t) can be obtained from Eqn. (3) and the remaining terms are determined by using the recursion relation. Thus, we
have few terms of the Bernoulli polynomial as:

Bo(t) = 1

Bi(t) =t 1
)

1
Bz(t)=t2—t+g
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3 1
Bs(t) =t> —St>+ -t
3() > >

1
B,(t) =t*—2t3 +t? — —
(1) 30

2.3. Chebyshev Polynomial

The Chebyshev polynomial related to cosine functions on the interval [—1, 1] of order n is defined as
T, (cost) = cos(Nt).cocrrrrnen. (5)
The recursion relation of Chebyshev polynomial is:

Tpsg (£) = 26 Ty (£) = Ty (£) oo (6)

Ty (t) and Ty (t) can be obtained from Eqn. (5). Then the remaining terms are determined by from Eqn. (6). Thus, we
have the following sequence of polynomial:

To(t) = 1
T, (t) =t
T,(t) =2t -1

Ts(t) = 4t3 — 3t
T,(t) = 8t* —8t2 + 1

2.4. Fibonacci Polynomial
In Mathematics, the Fibonacci polynomial is a polynomial sequence which can be considered of Fibonacci numbers. The
Fibonacci polynomials are defined by a recurrence relation

0, ifn=0
F(0) =41, ifn=1
tF_1(t) + F_, (), ifn=2.

The first few terms of Fibonacci polynomial are:

Fo(H) =0
F) =1
R =t

FE)=t’+1

F,(t)=t3+2t

3. Description of the Proposed Method

Consider the nt order DDE of the form

y® (@) = f(&,y®),y(t —1),y'(©),y' (t = 1),), .., y V@), y "V (t — 1)), t > 1, (7)
with initial conditions

yD(te) = 0(),i =1,2,3, 0. t <ty covrvrrverrerreenenn. (8)
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Here @(t) is the initial function and 7 is the delay term.
Let P(t) represent any orthogonal polynomial. For the proposed method, we assume that
y®(&) = BTP()" = X0 GGPi() o 9)
where N being any positive integer.
BT = (cy, ¢y, ... Cy)
P(©) = (Py(©), P (1) ... Py (D))

Our aim is to determine the polynomial coefficients c;s. For this, we integrate Eqn. (9) with respect to t from ¢, to t,

YD) = y(ty) + j BT P(t) dt

to

YO D(t) = y(t) + y' (o) + j f BT B(6) dt

V@) = 21.1_—01 y(i)(to).; ftftmftBT b6 di T— 1)

- 0
(n—1) times

y(©) = z;]y@(to) + ff...jjBT P,(t) dt

]

n times

Now, for delay terms

t
Y- =y + [ BT R

to

t
t
YO - =y +y' @) + [ [ BB a
to
to

J(E—1) = Zr'xz—01y(i)(t0)'; JtJtm ftBT Pt -0 dt e (11)

(n—1) times

n ‘ t ot t
y(t—-1) = Z y®D(ty) + f f J- BT Pi(t — 1) dt
i=0 to “to to

n times

Then we substitute (10) and (11) in (7) to get the residue function R(t). In the subdomain method, the physical domain
is divided into non-overlapping N subdomains. Here N is taken as the number of polynomial coefficients. Each weight
function is selected as unity in the respective subdomain and zero in the remaining parts. That is,

iFt. <t <t
W, ={1' FGSEStior (G219 NY o (12)

0, else

Then, the average residual over each subdomain is made to zero.

7w R(t) dt = ffii“R(t) dt =0, =12, N) ceooorrrerrrrrrrrn (13)
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This yields a system of linear or nonlinear algebraic equations subject to the linear and nonlinear terms in Eqn. (7). On
solving this system of algebraic equations, we get the respective polynomial coefficients ¢;’s from which the solution of
the DDE (7) can be obtained.

4. Numerical Simulations

In this section, three numerical examples are given to demonstrate the accuracy and effectiveness of the proposed
method. The proposed method based on successive integration technique uses Hermite, Chebyshev, Bernoulli and
Fibonacci polynomials for solving linear and nonlinear DDEs.

4.1. Example 1

Consider the third order linear delay differential equation with constant delay

d3y(t
dyt(g ) () = y(t-03) + P30 <t <1

with initial conditions

y(0)=1,y'(0) =—1and y"(0) = 1.

The exact solution is y(t) = e™*.

The numerical results are obtained by the subdomain method using different polynomials with various values of N. The
absolute errors are presented in Tables 1 and 2. The solution graph for N = 7 using Hermite polynomial is presented in
Fig. 1.

Table 1 Absolute Errors at t = 1 for Example 1

Polynomials | N=3 N=5 N=7

Hermite 2.16e-06 | 4.72e-09 | 1.12e-11
Bernoulli 2.16e-06 | 4.72e-09 | 1.12 e-11
Chebyshev 2.16e-06 | 4.72e-09 | 1.12e-11
Fibonacci 2.16e-06 | 4.72e-09 | 1.12e-11

Table 2 Absolute Errors in Example 1 (N = 7)

t Hermite | Bernoulli | Chebyshev | Fibonacci
0.2 | 899e-13 | 899e-13 | 8.99e-13 8.99 e-13
0.4 | 256 e-12 | 256 e-12 | 2.56 e-12 2.56e-12
0.6 | 489e-12 | 4.89e-12 | 4.89e-12 4.89 e-12
08| 7.85e-12 | 7.85e-12 | 7.85e-12 7.85e-12
1.0 | 1.12e-11 | 1.12e-11 | 1.12e-11 112 e-11
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Figure 1 Solution graph for Example 1 using Hermite polynomial

4.2. Example 2

Let us consider the following nonlinear DDE with variable delay
y@®) +tyt—tH+ty?=1+t30<t<1
with the initial condition
y(0) = 0,t e [0,1].
The analytical solution is y(t) = t.

The numerical results are obtained by the subdomain method using different polynomials with various values of N. The
absolute errors are presented in Table 3. The solution graph for N = 7 using Bernoulli polynomial is presented in Fig. 2.

Table 3 Absolute Errors in Example 2

Polynomials | N=3 N=5 N=7

Hermite 5.16e-03 | 1.19e-06 | 4.03 e-14
Bernoulli 5.16e-03 | 1.19e-06 | 4.03 e-14
Chebyshev 5.16e-03 | 1.19e-06 | 4.03 e-14
Fibonacci 5.16e-03 | 1.19e-06 | 4.03 e-14
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Figure 2 Solution graph for Example 2 using Bernoulli polynomial

4.3. Example 3 - Parkinson’s Disease Model [15]

y'(t) =01y(t—2)+02y(t—5)+03y(t—2)y(t—3),0<t <10

with history function as

y() =05t>0and -3 <t <0.

For this example, the numerical results are obtained by using the proposed method based on the different polynomials.
The numerical simulations by the proposed methods are compared with the simulation by Step method using Picard
approximation [15]. These have been shown in Fig. 3 and Fig. 4.

Salution (y)

————— Fropasnd Metod

Time (t)

Figure 3 Solution graph for Example 3 using Hermite polynomial
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Figure 4 Numerical Simulations by Step-Method [15]

5. Conclusion

In this paper, a new approach of subdomain collocation method based on successive integration technique is proposed
for solving delay differential equations. Numerical examples of linear and nonlinear DDEs with constant, variable and
pantograph delays have been considered to demonstrate the efficiency of the proposed method.

The numerical results demonstrates that the proposed method gives results with good precision. Also, the accuracy of
the results improves with increasing N (order of polynomial). Hence it is evident that the proposed method is very
effective, simple, and suitable for solving linear and nonlinear DDEs in real world problems.

Compliance with ethical standards

Disclosure of conflict of interest

No conflict of interest to be disclosed.

References

[1]

Mehdi Dehghan and Fatemeh Shakeri. The use of the decomposition procedure of Adomian for solving a delay
differential equation arising in electrodynamics, Physica Scripta IOP publishing. 2008 78 (2008): 1 - 11.

Andre A. Keller, Contribution of the Delay Differential Equations to the Complex Economic Macrodynamics,
WSEAS Transactions on Systems. 2010 9(4): 358 - 371.

Martsenyuk V, Klos-Witkowska A, Dzyadevych S. Sverstiuk A. Nonlinear Analytics for Electrochemical Biosensor
Design Using Enzyme Aggregates and Delayed Mass Action. Sensors. 2022 22(980): 1 - 17.

Anusmita Das, Kaushik Dehingia, Hemanta Kumar Sarmah, Kamyar Hosseini, Khadijeh Sadri, Soheil
Salahshour. Analysis of a delay-induced mathematical model of cancer. Advances in Continuous and Discrete
Models. 2022 15 (2022): 1-20.

Benito Chen-Charpentier. Delays and Exposed Populations in Infection Models. Mathematics 2023 11(8): 1919.

Dhinesh Kumar C and Emimal Kanaga Pushpam A, Higher Order Derivative Runge Kutta Method for Solving Delay
Differential Equations. Advances in Mathematics: Scientific Journal, 2019 8 (3): 26 - 34.

Jafari, H.,, Mahmoudi, M. & Noori Skandari, M.H. A new numerical method to solve pantograph delay differential
equations with convergence analysis. Advances in Difference Equations 2021, 129 (2021).

389



International Journal of Science and Research Archive, 2024, 11(02), 382-390

Mathew Aibinu, Surendra C. Colin, Sibusiso Moyo. Solving delay differential equations via Sumudu transform.
International journal of Nonlinear Analysis and Applications. 2022 13 (2): 563 - 575.

Kumbinarasaiah, S. and Mundewadi. R.A. Wavelets approach for the solution of nonlinear variable delay
differential equations. International Journal of Mathematics and Computer in Engineering. 2023 1 (2): 139 - 148.

Emimal Kanaga Pushpam A., Kayelvizhi C. Solving Delay Differential Equations Using Least Square Method Based
on Successive Integration Technique. Mathematical Statistician and Engineering Applications. 2023 72 (1): 1104
-1115.

Zhou Jinxiong, Li Mei, Zhang Zhi-Qian, Zou W, Zhang L. A subdomain collocation method based on Voronoi domain
partition and reproducing kernel approximation. Computer Methods in Applied Mechanics and Engineering 2007
196 (13): 1958 - 1967.

Lihua wang, Jiun-Shyan Chen, Hsin-Yun Hu. Subdomain radial basis collocation method for fracture mechanics.
International Journal for Numerical Methods in Engineering. 2010 83: 851 - 876.

Chu F., Wang L., Zhong Z. Finite subdomain radial basis collocation method. Computational Mechanics. 2014 54,
235-254.

Mkhatshwa M.P., Khumalo M., Dlamini P.G. Multi-domain multivariate spectral collocation method for (2+1)
dimensional nonlinear partial differential equations. Partial Differential Equations in Applied Mathematics, 2022
6: 100440.

Agiza H.N,, Sohaly M.A., Elfouly M.A. Step Method for Solving Nonlinear Two Delays Differential Equation in
Parkinsons Disease. International Journal of Mathematical and Computational Sciences. 2020 14 (12): 159 - 163.

390



